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Abstract. Let X bea space of homogeneous type. The aims of this paper are as follows. i) Assuming that T is a bounded linear operator on L 2 (X ), we give a su cient condition on the kernel of T so that T is of weak type (1 1), hence bounded on L p (X ) for 1 < p 2 our condition is weaker than the usual H ormander integral condition.
ii) Assuming that T is a bounded linear operator on L 2 ( ) where is a measurable subset of X, we give a su cient condition on the kernel of T so that T is of weak type (1 1), hence bounded on L p ( ) for 1 < p 2. iii) We establish su cient conditions for the maximal truncated operator T , which is de ned by T u(x) = sup ">0 jT " u(x)j, to be L p bounded, 1 < p < 1. Applications include weak (1 1) estimates of certain Riesz transforms, and L p boundedness of holomorphic functional calculi of linear elliptic operators on irregular domains.
Introduction.
Let (X d ) be a space of homogeneous type, equipped with a metric d and a measure . Let T be a bounded linear operator on L 2 (X ) with an associated kernel k(x y) i n the sense that (1) (T f )(x) = Z X k(x y) f(y) d (y) where k(x y) is a measurable function, and the above formula holds for each continuous function f with compact support, and for almost all x not in the support of f. One important result of Calder on{Zygmund operator theory is the well known H ormander integral condition on the kernel k(x y), see H or] , which is a su cient condition for the operator T to beof weak type (1 1). It states that T satis es weak (1 1) estimates if there exist constants C and > 1 so that In practice, many operators satisfy the H ormander integral condition, but there are numerous examples of operators which do not, and certain classes of such operators can beproved to beof weak type (1 1). See, for example F], Ch1], CR], Hof], Se]. However, in these papers, the authors investigate speci c classes of operators and do not give su cient conditions on kernels for general operators to be of weak type (1 1).
A natural question is whether one can weaken the H ormander integral condition and still conclude that T is of weak type (1 1). Although Calder on{Zygmund operator theory is now w ell established, to our best knowledge, no such condition is known. Our rst aim is to give a positive answer to this open question.
There is another limitation of the usual Calder on{Zygmund theory. It is only established for spaces of homogeneous type. The main feature of these spaces is that they satisfy the doubling property. Measurable subsets of R n which do not possess any smoothness of their boundaries, do not satisfy the doubling property, hence they are not spaces of homogeneous type. Such measurable sets, however, do appear naturally in partial di erential equations. Our second aim is to present a sucient condition on the kernel of a bounded operator T on L 2 ( ), where is a measurable subset of a space of homogeneous type, so that T is of weak type (1 1) on .
The paper is organised as follows. In Section 2, we assume that T is a bounded linear operator on L 2 (X ), where X is a space of homogeneous type. We then prove a su cient condition on the kernel k(x y) of T so that T is of weak type (1 1) (Theorem 1). Roughly speaking, T is of weak type (1 1) if there exists a class of operators A t with kernels a t (x y), which play the role of approximations to the identity, so that the kernels k t (x y) of the composite operators T A t satisfy the condition Z d(x y) ct 1=m
jk(x y) ; k t (x y)j d (x) C for some positive constants m c C, uniformly in y 2 X and t > 0. The freedom in choosing A t is important. In particular circumstances we may require them to commute with T, or we may wish to allow the kernels a t to bediscontinuous. It is not di cult to check that our condition is a consequence of the H ormander integral condition (Proposition 1).
In Section 3, we assume that is a measurable subset of a space of homogeneous type with no smoothness on the boundary. We then present a su cient condition on the kernel k(x y) which is somewhat stronger than that of Theorem 1, so that the operator T is of weak type (1 1) on (Theorem 2). Our result gives new criteria to investigate the L p boundedness of singular integrals on measurable sets. The results on are made possible by the fact that no smoothness is required on the kernels a t (x y) i n Theorem 1.
In Section 4, we extend the results in sections 2 and 3 to establish su cient conditions on the kernel k(x y) which ensure the L p boundedness of the maximal truncated operator T , where T u(x) = sup ">0 jT " u(x)j and
Our assumptions on the kernel k(x y) are somewhat stronger than those used in Theorems 1 and 2, but are essentially weaker than the usual ones on spaces of homogeneous type (Theorem 3). The result is new for measurable subsets of spaces of homogeneous type (Theorem 4).
Applications are given in Section 5. We rst establish weak (1 1) estimates for certain Riesz transforms and similar types of operators (Theorem 5). This allows us, for example, to simplify the proof of the L p boundedness of the Riesz transforms on Lie groups which w as given by Salo {Coste when 1 < p 2 SC] .
Finally, we prove that every operator L with a bounded holomorphic functional calculus in L 2 ( ), which generates a semigroup with suitable upper bounds on its heat kernels, also has a bounded holomorphic functional calculus in L p ( ) when 1 < p < 1 (Theorem 6). Here is a measurable subset of a space X of homogeneous type. It is this result which prompted our investigation, so let us outline its background.
In the case when the heat kernels also satisfy H older bounds, then this result follows from the usual Calder on{Zygmund theory, because the operators f(L) in the functional calculus satisfy standard Calder on{ Zygmund bounds. This is the approach developed by Duong in the case of those elliptic operators having such heat kernels, which are de ned by boundary conditions on strongly Lipschitz domains. See his thesis Du] and also DM c ]. This method does not work for those elliptic operators whose heat kernels satisfy pointwise bounds but not H older bounds. In DR], Duong and Robinson showed how to proceed in such cases, provided still that the operators are de ned on strongly Lipschitz domains. There they proved the rst part of Theorem 6 of this paper in the case when is a space of homogeneous type, though the last part, namely the L p boundedness of the maximal truncated operators, is new. In AE], Arendt and ter Elst applied this theorem to the Dirichlet problem for certain elliptic operators de ned on subsets of R n whose boundary has null measure, by extending the functional calculus to that of an operator de ned on all of R n . They asked whether the assumption concerning the null measure of the boundary could be dropped. This is what we do in Theorem 6.
As can be seen, our investigations into removing the assumption of H older continuity from the kernels have led to the formulation of general conditions on singular integral operators which are applicable in a variety of situations.
2. Weak (1,1) estimates of singular integral operators.
Let X be a topological space equipped with a measure and a metric d which is a measurable function on X X . We de ne X to be a space of homogeneous type if the balls B(x r) = fy 2 X : d(x y) < r g satisfy the doubling property (B(x 2 r)) c (B(x r)) < +1 for some c 1 uniformly for all x 2 X and r > 0. A more general de nition can befound in CW, Chapter 3].
Note that the doubling property implies the following strong homogeneity property, (B(x r )) c n (B(x r)) for some c n > 0 uniformly for all 1. The parameter n is a measure of the dimension of the space. There also exist c and N, 0 N n so that
uniformly for all x y 2 X and r > 0. Indeed, the property (U) with N = n is a direct consequence of triangle inequality of the metric d and the strong homogeneity property. In the cases of Euclidean spaces R n and Lie groups of polynomial growth, N can bechosen to be0. Let T be a bounded linear operator mapping L 2 (X ) into L 2 (X ). Assume the operator T is given by a kernel k(x y) i n the sense of (1).
We shall work with a class of integral operators A t , t > 0, which plays the role of approximations to the identity. We assume the operators A t can berepresented by kernels a t (x y) i n the sense that
for every function u 2 L 2 (X ) \ L 1 (X ), and the kernels a t (x y) satisfy the following conditions in which m is a positive constant and s is a positive, bounded, decreasing function satisfying lim r!1 r n+ s(r m ) = 0 for some > N , w h e r e N is the power which appeared in property (U), and n the \dimension" entering the strong homogeneity property. Theorem 1. Let T be a bounded linear operator from L 2 (X ) to L 2 (X ) with an associated kernel k(x y). Assume there exists a class of operators A t , t > 0, which satisfy the conditions (2) and (3) so that the composite operators T A t have associated kernels k t (x y) in the sense of (1) and there exist constants C and c > 0 so that Then the operator T is of weak type (1 1). Hence, T can be extended from L 2 (X ) \ L p (X ) to a bounded operator on L p (X ) for all 1 < p 2.
Proof. We need to prove that T satis es weak type (1 1) estimates. Boundedness of T on L p (X ) then follows from the Marcinkiewicz interpolation theorem.
Our proof makes use of the Calder on{Zygmund decomposition to decompose an integrable function into \good" and \bad" parts (see, for example, CW]), then each part is analysed separately.
Given f 2 L 1 (X )\L 2 (X ) and > kfk 1 ( (X )) ;1 , then there exist a constant c independent of f and , and a decomposition f = g + b = g + Conditions b) and c) also imply that kbk 1 c kfk 1 and hence that kgk 1 (1 + c) kfk 1 .
We have
It is not di cult to check that g 2 L 2 (X ). Using the facts that T is bounded on L 2 (X ) and that jg(x)j c , we obtain (8) n x : jT g (x)j > 2 o 4 ;2 kT g k 2 2 c 1 ;2 kgk 2 2 c 2 kfk 1 :
Concerning the \bad" part b(x), we temporarily x a b i whose support is contained in Q i , then choose t i = r m i where m is the constant appearing in (3) and r i is the radius of the ball Q i . We then decompose
To analyse T A t i b i (x), we rst estimate the function A t i b i . Since
it follows from Lemma 1 that
where i denotes the characteristic function of the ball Q i .
Denoting by M the Hardy-Littlewoodmaximal operator, we then have for any u 2 L 2 (X )
c hM juj i i :
Note that the second inequality f o l l o ws from properties 3) and 4'). Since the Hardy-Littlewood maximal operator is bounded on L 2 (X ), (see for example Ch2]), it follows that By assumption (7), we have
Combining the estimates (8), (11), (12) and (13), the theorem is proved.
Remark.
i) It is straightforward from the proof of Theorem 1, that the existence of boththe kernels k(x y) of T and k t (x y) o f T A t is not necessary. We only need to assume that the di erence operator T ;T A t has an associated kernel so that this kernel (in place of k(x y) ; k t (x y)) satis es Condition 7. This remark also applies to Theorem 2.
ii) In Theorem 1, the assumption on boundedness of T on the space L 2 (X ) can be replaced by boundedness of T on a space L p o (X ) for some p 0 > 1. The proof would need only minor changes to show that T is of weak type (1 1), hence bounded on L p (X ) for all 1 < p p o .
iii) Theorem 1 and a standard duality argument give the following result.
Let T bea bounded linear operator from L 2 (X ) into L 2 (X ) with an associated kernel k(x y) in the sense of (1). Assume there exists a class of operators B t whose kernels satisfy the conditions (2) and (3) so that the composite operators B t T have associated kernels K t (x y) in the sense of (1), and there exist constants c > 0 and C so that
Then the adjoint operator T is of weak type (1 1). Hence, T can beextended from L 2 (X ) \ L p (X ) t o a bounded operator on L p (X ) for all 2 p < 1.
Natural questions about Theorem 1 are how strong is the assumption (7), and what is its relation with the H ormander integral condition. We shall show that, for suitably chosen A t , our condition (7) is actually a consequence of the H ormander integral condition for spaces of homogeneous type. Proposition 1. Assume that T has an associated kernel k(x y) which satis es the H ormander integral condition, i.e. there exist constants C and > 1, so that
for all y z2 X. Let A t be approximations to the identity which are represented by kernels a t (x y) satisfying conditions (2), (3), (5) and (6).
Then the kernels k t (x y) of T A t satisfy condition (7) Proof. Choose > 1 and let = c 0 where c 0 is the constant so that a t (x y) = 0 when d(x y) c 0 t 1=m . Then, for x y 2 X so that
For all y 2 X ,
jk(x y) ; k(x z)j d (x) c : Note that the second equality follows from property (6), the second inequality i s using the estimate 3. Singular integral operators on measurable subsets of a space of homogeneous type.
We assume in this section that is a measurable subset of a space of homogeneous type (X d ). An example of is an open domain of the Euclidean space R n . If possesses certain smoothness on its boundary, for example Lipschitz boundary, then it is a space of homogeneous type and results of Section 2 are applicable. However, a general measurable set needs not satisfy the doubling property, hence it is not a space of homogeneous type. Such a measurable set appears naturally in boundary value problems, for example partial di erential equations with Dirichlet boundary conditions.
Given a bounded linear operator T on L 2 ( ) with an associated kernel k(x y), the question is to nd a su cient condition on k(x y) for T to beof weak type (1 1). The main problem in this case is the fact that the Calder on{Zygmund theory is not directly applicable. For example, the Calder on{Zygmund decomposition is not valid on , nor is the Hardy-Littlewoodmaximal operator bounded, as was needed in proving the estimate (9).
A key observation to solve this problem is surprisingly simple. Given a linear operator T which maps L p ( ) into itself for some p, It is straightforward to check the above equivalences, so we leave them to reader. Note that if T has an associated kernel k(x y) in the sense of (1), then e T also has an associated kernelk(x y) in the sense of (1), given byk (x y) = k(x y) when x 2 and y 2 , 0 otherwise : We can see immediately that the condition that the kernel k(x y) o f T satis es the H ormander condition is not su cient for the kernelk(x y) of e T to satisfy the H ormander condition. By using e T, what we d o is to transform the question of boundedness of T on a measurable set to the boundedness of e T on a better space (of homogeneous type) X, but the kernel of e T could be discontinuous. However, the proof of Theorem 1 makes use of the upper bounds on a t (x y) and condition (7), and does not require any continuity assumptions on k(x y).
From now on, to di erentiate between a ball in X and a ball in , we use the notations B X and B .
The main theorem of this section is the following.
Theorem 2. Let T be a bounded linear operator from L 2 ( ) to L 2 ( ) with an associated kernel k(x y) in the sense of (1). Assume there exists a class of operators A t , t > 0, with kernels a t (x y) de ned on L 2 ( ) so that:
for any function u 2 L 2 ( ) \L 1 ( ), and the kernels a t (x y) satisfy the following conditions (15) ja t (x y)j h t (x y)
for all x y 2 , where h t (x y) is de ned on X X by T and g T A t have k ernels k(x y) a n d k t (x y) i n the sense of (1), wherek was de ned above and k t (x y) = k t (x y) when x 2 and y 2 0 otherwise : Further, e A t is represented by the kernel a t (x y) = a t (x y) when x 2 and y 2 0 otherwise which is readily seen to satisfy conditions (2) and (3) on X X .
Conditions (15), (16), and (17) imply that the operator e T satis es the hypotheses of Theorem 1, hence it is of weak type (1 1) on X.
Therefore, T is of weak type (1 1) on and Theorem 2 is proved.
Remark. Assume there exist B t which satisfy (15) and (16) In this subsection, we assume that X is a space of homogeneous type equipped with a metric d and a measure . Let T bea bounded operator on L 2 (X ) with an associated kernel k(x y) in the sense of (1). Our aim is to investigate the maximal truncated operator T which is de ned by T f(x) = sup ">0
jT " f(x)j where T " is the truncated singular operator de ned by
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Theorem 3. We assume the following conditions. a) T is a bounded operator on L 2 (X ) with an associated kernel k(x y).
b) There exists a class of operators A t which satisfy the conditions (2) and (3) so that the composite operators T A t have associated kernels k t (x y) in the sense of (1). Also assume that there exist constants c 1 and > 0 so that Proof. It follows from conditions (5) and (19), Theorem 1 and a duality argument t h a t T is bounded on L p (X ) for 1 < p < 1. Without any loss of generality, we prove the theorem with c 3 = 1. For a xed " > 0, we write T " u(x) = B " mT u (x) ; (B " mT ; T " ) u(x) :
Since the class of operators B t satis es conditions (2) and (3), we h a ve where again M is the Hardy-Littlewoodmaximal operator, and c is a constant independent of ". Therefore Combining estimates (20), (21) with boundedness of T and the HardyLittlewoodmaximal operator on L p (X ), we obtain boundedness of T on L p (X ), 1 < p < 1.
In the next proposition, we show that, for suitably chosen B t , our condition (19) is a consequence of the H older continuity estimates on the kernel. Note that the second equality is using condition (6) and the second inequality f o l l o ws from (22).
Remark. Propositions 1 and 2 show that conditions (7) and (19) We n o w assume that is a measurable subset of a space of homogeneous type (X d ) as in Section 3. By strengthening the assumptions on the kernel of T in Theorem 3, we can obtain boundedness of maximal truncated operators on L p spaces as follows.
Theorem 4. Let T be a b ounded operator on L 2 ( ) with an associated kernel k(x y). We assume the following conditions. a) There exists a class of operators A t , t > 0, r epresented by kernels a t (x y) which satisfy conditions (15) and (16) so that the composite operators T A t have associated kernels k t (x y) in the sense of (1), and there exist constants c and c 1 so that for all x y 2 such that d(x y) c 2 t 1=m . Then T is bounded on L p ( ) for all p, 1 < p < 1.
Proof. There is no loss of generality in proving the theorem with c 2 = 1 . It follows from Theorem 2 and a duality argument that T is bounded on L p ( ) for 1 < p < 1. The next step is to extend u to X by putting u(x) = 0 for x = 2 , and denote the extension by u X . Then kuk L p ( ) = ku X k L p (X) . It then follows from assumption b) and the argument of (21) that (27) sup
Estimates (26) and (27) imply the boundedness of T on L p ( ) for all p, 1 < p < 1.
A consequence of the boundedness of the maximal truncated operator T is pointwise almost everywhere convergence of the limit lim
More precisely, we have the following lemma.
Lemma 2. Assume that the operator T satis es the conditions of Theorem 3. Let 1 < p < 1, and assume that lim "!0 T " u(x) exists almost everywhere for every u in a dense subspace o f L p ( ), then lim "!0 T " u(x)
exists almost everywhere for every function u 2 L p ( ).
Proof. Lemma 2 follows from a standard argument of proving the existence of almost everywhere pointwise limits as a consequence of the corresponding maximal inequality. See, for example St1, p. 45].
5. Applications: Riesz transforms and holomorphic functional calculi of elliptic operators.
De nitions.
We rst give some preliminary de nitions. Suppose that L is a one{one operator of type ! with dense domain and dense range in L p (X ). We can de ne a functional calculus of L as follows.
where is the contour f = r e i : r 0g parametrised clockwise around S ! , and ! < < . Clearly, this integral is absolutely convergent i n L(X), and it is straightforward to show, using Cauchy's theorem, that the de nition is independent of the choice of 2 (! ). Let f 2 F(S 0 ), so that for some c and k, jf( )j c (j j k + j j ;k ) for every 2 S 0 . Let
Then , f 2 (S 0 ) and (L) is one{one. So (f )(L) is a bounded operator on X, and (L) ;1 is a closed operator in X. De ne f(L) by
An important feature of this functional calculus is the following Convergence Lemma.
Convergence Lemma. Let 0 ! < . Let L be an operator of type ! which is one{one with dense domain and range. Let ff g be a uniformly bounded net in H 1 (S 0 ), which converges to f 2 H 1 (S 0 ) uniformly on compact subsets of S 0 , such that ff (L) 
For the proof of the Convergence Lemma, see M c ], or ADM c ].
L p boundedness of Riesz Transforms.
In this subsection, we assume that is a measurable subset of a space of homogeneous type (X d ) in Section 3. Let L be a linear operator of type ! on L 2 ( ) with ! < =2, so that (;L) generates a holomorphic semigroup e ;zL , 0 j Arg (z)j < , = =2 ; !. Assume that for real t > 0, the distribution kernels a t (x y) of e ;tL belong to L 1 ( ) and satisfy the estimate ja t (x y)j h t (x y) for x y 2 where h t is de ned on X X by (3) and. Then the sub-Laplacian L is a left invariant second order di erential operator, which is a non-negative self-adjoint operator in L 2 (G). The Banach spaces L p (G) are de ned with respect to Haar measure. Note that G is a Lie group of polynomial growth, hence it is a space of homogeneous type. Consider the Riesz transforms X k L ;1=2 which are special cases of our operator Dg(L) when D = X k and g(L) = L ;1=2 . It is not di cult to check that X k L ;1=2 is bounded on L 2 (G). Gaussian upper bounds on heat kernels and their space derivatives are well known (see, for example SC]), hence our condition b) is satis ed with = 1=2. It follows that the Riesz transforms X k L ;1=2 are bounded on L p (G) for 1 < p 2 and are of weak type (1 1). Thus we have simpli ed the proof of the L p boundedness of the Riesz transforms given by Salo -Coste SC], because we have not used the smoothness of the heat kernels in the variable y.
In the same setting of G, we can also consider the case when L is a 2 m-th order strongly elliptic operator with constant coe cients (plus a su ciently large constant c 0 ), and D = X i 1 X i 2 X i n for some n < 2 m. Then the operator DL ;n=2m is bounded on L 2 (G). The condition (b) is also satis ed with = n=2 m. See, for example, R, Chapter 4]. Our theorem then shows that DL ;n=2m can beextended to a boundedoperator on each L p (G) for 1 < p 2.
ii) Let It follows from this representation and the estimates (3) and (4) on the heat kernels that for a su ciently large integer k, the kernels g k (x y) possess upper bounds which are similar to those of the heat kernels. More speci cally, there exist h t (x y) satisfying (3) and (4), possibly with a di erent function s, so that j k g k (x y)j h t (x y) for all x y 2 , where t = 1 =j j. e z e ;zL dz for 2 + , where ; is given by ;(t) = t e i( ;") for t 0, and " is chosen su ciently small so that ( + ;") > = 2. We a l s o h a ve similar expression for 2 ; . Thus we obtain a similar representation of f (L) to that of (30), and the rest of the proof is the same as before. ) The pointwise bound in condition (b) can be replaced by a weaker condition on the L 2 norm with a suitable weight of Da t (with respect to x variable). See CD].
Holomorphic functional calculi of elliptic operators.
We again assume that is a measurable subset of a space of homogeneous type (X d ) a s in Section 3.
Let L be a linear operator of type ! on L 2 ( ) with ! < = 2, hence L generates a holomorphic semigroup e ;zL , 0 j Arg (z)j < = 2 ; !.
Theorem 6. Assume the following two conditions. a) The holomorphic semigroup e ;zL , jArg (z)j < =2 ; !, is represented by kernels a z (x y) which satisfy, for all > ! , an estimate ja z (x y)j c h jzj (x y) for x y 2 and jArg(z)j < = 2 ; , where h t is de ned on X X by (3). : Since e ;tL maps L 1 ( ) into L 1 ( ) with the operator norm less than a constant, and e ;tL maps L 1 ( ) into L 1 ( ) with the operator norm less than ( (B X (x t ;1=m ))) ;1 , interpolation and duality gives These estimates, combined with the fact that f(L) is bounded on L 2 ( ), imply condition (23).
The proof of (24) Observe that j1 ; e ;t j c since Re ( ) 0 and j1 ; e ;t j c t j j c (t j j) for 0 < < 1 when t j j 1. We then split the integral on the left hand side into two parts, I 1 and I 2 , corresponding to integration over t j j > 1 and t j j 1. Using the heat kernel bounds and elementary integration, similar estimates to those of I 1 and I 2 of Theorem 5 show that jK t (x y) ; k(x y)j c ( (B X (x d(x y))) ;1 t =m d(x y) for some > 0, x y 2 , d(x y) t 1=m . We leave details of these estimates to reader. Remarks. a) Condition a) of Theorem 6 can bereplaced by a more general condition as follows. Assume that L is an operator of type ! and that there exists a positive i n teger k so that the kernels g k (x y) o f t h e p o wer of the resolvents ( L ; I) ;k satisfy the following estimate jg k (x y)j ( (B X (x j j ;1=m ))) ;1 s(d(x y) m j j)
where s is a function which satis es the decay condition in (3). The proof under this assumption is still the same as that of Theorem 6, with the operators ( L ;I) ;k replacing the semigroup e ;zL . The advantage of this assumption is that the operator L c a n b e o f t ype ! with ! > = 2, or of type ! on a double sector.
b) When X is a space of homogeneous type, the result on boundedness of holomorphic functional calculi of Theorem 6 was rst presented in DR, Theorem 3.1]. Note that the H ormander integral condition is not applicable when we have no control on smoothness of heat kernels in the space variables. c) Heat kernel bounds are known for a large class of elliptic and subelliptic operators. Also see AM c T], A] for recent results on heat kernel bounds for second order elliptic operators with non-smooth coe cients. d) Theorem 6 gives new results when is a measurable set with no smoothness on its boundary. An example of an operator on such a domain, which possesses Gaussian bounds on its heat kernels, is the Laplacian on an open subset of Euclidean space R n subject to Dirichlet boundary conditions. Gaussian upper bounds can beobtained in this case by a simple argument using the comparison principle. More general operators on open domains of R n which possess Gaussian bounds can befound in Da1] and AE]. Indeed Theorem 6 can beapplied to prove the general statement of Theorem 5.5 in AE] on boundedness of holomorphic functional calculi in L p spaces, without the assumption that the boundary has null measure.
